SCROLL DIRECTRIX CURVES*

BY
CHAS. T. SULLIVAN

In his theory of surfaces based on the discussion of a non-involutory
completely integrable system of two partial differential equations of the
second order, Professor Wilczynski has shown that the organic curves which
he calls the directriz curves play an important role.t They are defined in
terms of the osculating linear complexes of the asymptotic curves. When
the surface is a scroll, the straight line generators constitute one of the families
of its asymptotic lines and any one of these asymptotic lines is contained
in a quadruply infinite family of linear complexes. Thus the osculating
linear complex becomes indeterminate and, therefore, the directriz curves
cease to be defined. The purpose of the present paper is to define and discuss
a set of curves on a ruled surface which shall correspond as closely as possible
to the directriz curves of a non-ruled surface. We shall call them scroll derectriz
curves, and we shall study certain configurations involving these curves and
their associated line congruences. The results obtained in this paper will
constitute the counterpart for scrolls of certain theorems previously established
for non-ruled surfaces.

DEFINITION OF THE LINEAR COMPLEX (' (u)

Since the integrating surface S is to be a scroll, we may assume that the
system of partial differential equations has been reduced to the following
canonical form:}

1) Yuu + 26y +fy =0,  yw+gy=0,
where
dy Py

Yu = u’ Yuu = W , etc.

The coefficients of these equations are the fundamental seminvariants of the
system. The curves u = const. will be the straight line generators, and the

* Presented to the Society, Chicago, December, 1913.
t Wilczynski, Differential Geometry of Curved Surfaces, these Transactions, vols.
8, 9, and 10. These memoirs will be cited as M1, M., M;.
1 M;, pp. 293, 294.
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curves v = const. will be the twisted asymptotic curves on the integrating
surface S .*
The integrability conditions of (1) are

(2) gu=0, bw +fv=0: "’fvv+4gbv+2bgv=0-
The fundamental semi-covariants

Y, 2 = Yu, P =Y, 0 = Yuy

determine the tetrahedron P, P, P, P, and a corresponding system of co-
ordinates, in which the coérdinates of the point ay + 8z + vp + 6o are
defined to be (a, 8, v, 8).

The linear complex €’ (v) osculating the asymptotic curve I at the point
P,, when referred to the tetrahedron P, P, P, P,, has the equationt

(3) - bv W34 — bo.m + bw23 = O .

We shall now define a linear complex C” (u) to take the place of the oscu-
lating linear complex of the asymptotic curve I'"’, which is indeterminate
since I'"’ is a straight line. The linear complex C”’ shall contain the asymptotic
line I'””. It shall be in involution with the complex C” which osculates the
asymptotic curve I at the point P,. The nuil-plane of the point P, in the
complex C”” shall be the tangent plane of the surface S at this point. The
unode and singular tangent plane of the Cayley cubic scroll osculating the
integrating surface S at the point P, shall be incident elements in the null-
system of C”.

Let Y ai; wi; = 0 be the equation of a linear complex referred to P, P, P, P, .
The first two of the above conditions will be satisfied at the point P, if

a2 =a13 =0 and ay = as;3.
Hence the complex C” is contained in the family of complexes
wis + woz + oz wy + e wp = 0.

Now consider the point P, displaced to the point P, ;, along I'’. The
semi-covariants y, z, p, ¢ will become y, %, p, o, respectively, where

Y=yt pdot -
z=2+4aodv+ ---
p=p—gydv+ -
c=0 —gzdv+ ---

* We shall hereafter refer to the curves v = const. as IV, and to the curves u = const.
as I,
t M., p. 92.
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Let the coordinates of a point @ be (&, Z;, &3, Z1) when referred to P; P; P; P;
and (21, @, x5, *1) when referred to P, P, P, P,. Then
(21T + Zz2+ Zsp+ Tuo)
must be identically equal to (2, ¥ + x22 + 23 p + 240), apart from a factor
of proportionality. Hence, if we neglect infinitesimals of the second and
higher orders, we find the following equations of transformation between the
coordinate systems (Z;, Ta, %3, 1) and (x1, @2, @3, ¥4):
wry = T1 — g3 dv, Wy = Ty — g4 dv,

w:c3=:i'3+:z':1dv, wx4=.i4+:igdv,
and
(6] 21=.’t1+g$3d'0, w’a‘c2=m2-l—gx4dv,

w T3 = a3 — 11 dv, W &y =24 — 2o dv,
where w and w’ are factors of proportionality. From these we find
wi = wu — (w12 — gws)d,
wez = we3 + (w12 — gws)do,
@ wy = wy + (wes — wi)dv,

W = W42 .

The canonical codrdinates of the unode of the Cayley cubic scroll osculating
the integrating surface S at the point P, are (0,0, 1,0).* The canonical
coordinates of a point are connected with (1, x,, 3, 24) by the equations

X =N(z2 + Brs), Y = u(xs + axq),

(5) Z=)\[.tx4,
w =2 + ar: + Bz + ofzy,
where
_b g b g3k
a=-—g B=gx A== B=pm

k being the fundamental invariant b*(f + b,) — §bbuu + bl of the sur-
face S.T

Consequently the coordinates of the wnode when referred to the tetra-
hedron P, P, P, P, are

Tiixe iz s =af:—B:—a:1= —b,b,:— 4bb, : 2bb, : 8b2.

* M, pp. 297, 303.
t My, p. 299.
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The equation of the singular tangent plane*

w=0
becomes
8b2£t1 - 2bbu Xo + 4bbv X3 — bu bv Xy = 0,

when referred to the tetrahedron P, P, P, P,. The polar plane of the unode
in the complex
) (wis + wo3) + @za w3s + e Wiz = 0
is
8b2 X1 + b (Qbu - 8ba42)x2 + 4b (bv + 2boz34)x3
+ (bu bv —_ 2bbu g4 — 4bb1, 0[34)([4 = 0.

If we identify these equations, we find

b.,
ay =0, Oy = -2_b
Hence the equation of C" is
(6) 2b (wu + we3) + by wse = 0.
The invariant of C' is I' = — b?, and that of C" is I’ = 4b*. From equa-

tions (4), we find the equation of the complex C”’ (u, v + dv) to be

0
(o + we3) + <a42 +§$§)w42 =0,

when referred to the tetrahedron P, P. P, P,. This will be identical with
C"” (u, v) if, and only if, the function b,/b is independent of v, i. e.,
_9logb

¥="30 -0

Now this is precisely the condition that the asymptotic curves I'' belong to
linear complexes.t Hence we have the theorem:

THEOREM. The complexes C'' which belong to the different points of the
same generator of S will all coincide if, and only if, the curved asymptotic lines
of the scroll belong to linear complexes.

THE SCROLL DIRECTRIX CURVES OF THE FIRST AND SECOND KINDS

Let X ai; w; = 0and ) ai; w;; = 0 be the equations of two linear com-
plexes. Let A’ and A" be their respective invariants, and let (4’, A4”") be
their mutual invariant. Then the equations of the directrices of the congru-
ence common to these two complexes may be obtained by writing down the

* M, p. 303.
t See a paper by the author, these Transactions, vol. 15 (1914), p. 190.
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conditions that must be satisfied by the coordinates of a point in order that
the same plane may correspond to it in both complexes. We thus find

* + (12 — wp a12) 22 + (a13 — wrais) s + (a1e — wrais) 2 = 0,

(— @+ wralz) @ + % + (azs — wi az3) &3 + (024 — i az) 2 = 0,

(— a3+ weas) @+ (— a3 + wraz3) T2 + % + (a3 — wpaszy )2 =0,
(—on+ wraa)x + (— o + wr 020) 2 + (— a3 + wros) 25+ % =0,

where a2, = — ays, ai; = — a3z, and where w;, w, are the two roots of the

quadratic equation
A o — (A, A")w+ 4" = 0.

For the complexes C’ and C"’ we find
w =2, we = — 2;
so that the equations of the directrices are
d:xy =0, 4bxy — by 29 + 2by 23 = 0,

™)
d’:26x2+b,,x4=0, 4bx3-—bu:c4=0.

The directrix of the first kind d lies in the tangent plane to the surface S at the
point P,; while the directrix of the second kind d' passes through the point P, .
The directrix of the second kind is the line joining the point P, to the point

P, , where
= —2b,z+ b, p + 4bo.

As the point P, moves over the surface S, the directrix d’ generates the direc-
triz congruence of the second kind G, one line of which passes through each
point of S. The two one-parameter families of curves on S which correspond
to the two ways of assembling the lines of G, into developables, we shall
call the directrix curves of the second kind (Cy, C3).

We shall now determine the directrix curves (€1, C2) on S. Let P, and P,
be displaced to P,i.auipev 80d P, 4uisa0 Tespectively; the directrix ¢’ will
be displaced from the position determined by the former pair of points to
that determined by the latter pair. By direct calculation, we find

w=Py+Qz+Rp+S o,

Tw=Py+Qz2+Rp+ 180,
where

P =8bg+2b,f—4bf,, Q= — 2w, R =buw—4b(f+b,), S=>5b,
P'=—b.g, Q=—2(2g+bw), R =buw, S =2b,.
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An arbitrary point on the displaced directrix will be given by
My + 20u + pdv) + p(7 + 7, 0u + 7, 0).
The coérdinates of such a point are therefore
x1 =N+ p(Pdu+ P &),
Xy = Nou + u(— 2b, + Qdu + Q' &),
23 = N6 + p (b, + Réu + R’ ov),
g = u(4b + Sou + S’ ov).

In order that this point may be on the directrix d’ determined by the point
P,, its coordinates must satisfy equations (7); 1. e.,

2bduN + [2b (Qou + Q' dv) + b, (Sdu + 8" dv)]pu =0,

4bovN + [4b (Réu + R’ dv) — b, (Séu + S’ dv) ] = 0.
Whence
g ou 2b (Qéu + Q" dv) + by (Séu + S’ év) —0
®) 20 4b(Rou -+ R o) — by (Sou+ S o) |~ 0
By means of the integrability conditions, we find

4bR — b,S = — 164,
(4bR’ — buS’) — (4bQ + 2b,S) = 3/2bC’,
4G + 2.8 = 1.

Equation (8) therefore reduces to
8) 25 héu? — 3 - 27bC" dudv + 0’ 6v* = 0.

This is the differential equation of the directrix curves (C;, C2) on S. Its
coefficients are fundamental invariants of the surface.*
Let us consider the congruence of the first kind ( G,) generated by the directrix
d of the first kind as the point P, moves over S. The directrix d joins the
points
r = b,y + 4bz, 8$=—Dbyy+ 2bp.

Let P, be displaced to Py ,sutpac- The directrix d will be displaced to the
position determined by the points

r+ r,0u + 1, 60, 8 + 8y 6u + 8, Ov.
By direct calculation, we find

*M,, p. 299.
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r4+rdutrnév=Py+Qz+ Rp+ Sio,

s+sdu+s,o=Py+Qz+Rp+ 8o,
where

Py = b, + (byy — 4bf) 6u + by, v,
Q1 = 4b + 5b, du + 4b, v,
R, = — 8b? du + budv, S, = 4bdv,
Pl = — (by + buy Su + by + 2bgdv), @ = — bydu,
R} = 2b + 2b, 6u + b, v, S = 2bdu.

The coordinates of an arbitrary point

N(r+r.o6u+r,00) + u(s+ 8, 0u+ 8 0v)

on this line are
z, =N P+ ' P,

x2=)\'Q1+ﬂ'Q{,
x3=)\’R1+y’R§,
x4=>\’Sl+u’S{.

This point will be on the directrix d if its coérdinates satisfy the equations
(7), 1. e., if
2N 60 + p' du =0,

N[4(b+ by, — 4b2f — 4b? b, — 5/4b2) du + 2 (2bby, — by by ) 8v]
+ p' [ (5by by — 4bby, ) 6u + 2 (b7 — 2bby, — 4b%g) 0] = 0.

Hence, after some simplifications and reductions, we find the equation of the
directrix curves (C;, C3) to be

8" 28 hou? — 3 - 27bC" dudv + 0" 60 = 0,

i. e., the same as equation (8). Hence the directrix curves of the second kind
cotncide with those of the first kind.
The first equation of (9) shows that

so that A’ : u’ will be the two roots of the quadratic equation
210 h)\ﬂ + 3.928p0" )\ F', + 9 ”"2 =0.

Thus every directrix of the first kind belongs to two developables of the
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congruence formed by their totality. The points P; (¢ = 1, 2) where the
directrix d intersects the cuspidal edges of these two developables are given by

N+ pis =N (buy + 4b2) + pi (= by y + 2bp),

where \; : u; are the two roots of the above quadratic. The tangent ¢ to
one of the directrix curves through P, joins this point to the point Py, .qu,+ pav, »
where duy : dvy is a root of equation (8). The point of intersection of ¢; and d
is

ly + méuy z + mévy, p,

L _ bu 6uk — va ka
m 4b )

where

Thus the point (¢, d) is given by

(buduy — 2b,00x ) y + 4 (20uy + pdv) = réuy, + 28dvy, = 2(— ™\p + 8" i),
which is the harmonic conjugate of the intersection of d with the cuspidal edge
of the corresponding developable.

The cuspidal edges of the two developables to which d’ belongs intersect

this line in the points
Pi=Ny+mpir,

where \; : u; (¢ = 1, 2) are the roots of the equation

C' b.b, h C° bub,
a0 =[G~ Pt [ G o - g 20 = 300 [ 0.

Referred to the tetrahedron P, P, P, P, , the coordinates of P, and P, are

.’l‘1=)\i, Ty = —'vaui, x3=buu,~, :l'4=4b/.ti.
The canonical coordinates of these points will be
X=0, Y=0, Z = — My - 4bui,

b. b,
@ =N+ o pi;

or, in non-homogeneous form,

=0 =0 _:2‘£'4b_ @"_ 6h __h
R Z_M_I_bub,,_— K "5°KN 5’
M 2b
where
b.b, N
K = % -I-;z
Hence
A b, b,
;,-‘K_ 2b ’
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where the two values of K are the two roots of the quadratic equation

C’ 20" — B2 C’

The coefficients of this equation are invariants, as was to be expected. We
may state these results in the form of the following theorem:

THEOREM. As a point P, describes a directriz curve (Cy or Cy) on a scroll,
tts directrices (d and d') of both kinds describe developables. Let the tangent
to one of the directriz curves be constructed at the point, as well as the asymptotic
tangents at this point. The harmonic conjugate of the first line with respect to
the other two intersects the directriz of the first kind in a point on the cuspidal
edge of the developable which it describes. The mnon-homogeneous canonical
coordinates of the points in which the directriz of the second kind tntersects the
edges of regression of the respective developables to which it belongs are

6 |—h
x=0 B Yy = 0 3 R = m T s

=0.*

where K is a root of the invariant equation (11).

The asymptotic tangent to the surface S at the point (ay + Bp) of the
generator I'”” joins this point to the point (az + 80).T Hence the coérdinates
of an arbitrary point on the osculating hyperboloid H are

=N, @m=upa, x3=MN3, & =pB.
Therefore the equation of H referred to (P, P, P, P,) is
(12) 12y — 2223 = 0.

The directrix d’ intersects H in the points ( — b, b,, — 4bb,, 2bb,, 8b?) and
P,. But the former is the pinch point of the Cayley cubic scroll osculating S
at the point P, (see equation (5)).

If Y =y+1,, where ! is an arbitrary constant, the canonical equations
of S considered as the locus of Py aref

(13) 7]uu+2Bﬂv+F7I=O) "lvv+G77=O,
where )
U — 3RS,
B=b+ 1+2g”°
" LUk 2 by Bhgy  Bou(by = Bif)
14+ B¢ (14+282g)2
G = lgv+%lzgvv l4gv

- I+ T FE, TATegE
*Cf. M, pp. 117, 118, 119.

t E. J. Wilczynski, Projective Differential Geometry of Curves and Ruled Surfaces, p. 146.
1 M, pp. 311, 312.

Trans. Am. Math. Soc. 14
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The fundamental semi-covariants of this system of equations are

1 1
n=x(y+lp), Z=X(z+la),
_1 30 g0 ) ( 38 go ) ]
2_)\[—(lg+l+lzg 2+ l_l—l-l"’g al,
1
IN

1p 1p

20 v 20" G
[_(lg+1+l29)z+(l _1+l29)6]'

The equations of the directrix d’ of the point Py are, according to equations

@,
(15)

2BX2 + Bv X4 = 0,

4BX3 - BuX4 = 0,
the tetrahedron of reference being that determined by (9, Z, P, £). From
the definition of the coérdinates of the point @ (a1 y + @22 + a3p + 24 0)
and the above expressions for (7, Z, P, 2), we find the following equations

of transformation between the coérdinate systems determined by the semi-
covariants (9, Z, P, Z) and (y, 2, p, o) respectively:

wX1=Q$3—Q1x1, wX2=Q:t4—Q1:c2,

ng =lx1—x3, wX4 =lx2—x4,

g, B g,
= = 1 — —_1__"J¥
Q_ <lg+21+l29>! Ql (1 21+lZg)J

and where w is a factor of proportionality.
If we apply this transformation to equations (15), we shall find the equa-
tions of the directrix d’ of the point Py to be

U(by a2 + Bars) + (2bxy + by 2s) = 0,

l(4x1 —a—lgi—sz) - (4953 —algin4) -0,

where

where
B: = 2bg — fv,

when referred to the tetrahedron (P, P, P, P,). Now the equation of the
surface generated by d’ as P, moves along I’ is found by eliminating the
parameter [ between these equations. This surface turns out to be a quartic
which we shall denote, for brevity, by @.

Equations (5) and (7) show that the locus of the unodes of the Cayley
cubic scrolls osculating S along T'’ is situated on the surface @. This locus
is the twisted cubic whose parametric equations are*

*Ma, p. 312.
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@1 = — [bu + buo I + % (buow + 29bu) ] [by + (b + 2bg) 1],
zy = — [4b + 4b, 1 + 2 (bws + 2bg) P] [by + (bsw + 2bg) 1],
z3 = [by + buv I + 3 (buow + 2gb.) P1[2b + by ],

ay = [4b + 4b, T + 2 (boo + 2bg) P1[2b + by 1].

This twisted cubic will be an asymptotic curve on @, if its osculating plane
at the point

m = — b, b,y — 4bb, z + 2bb, p + 8b*a (see (5), (7))

contains the corresponding generator d’ of @. Now if we determine the
plane osculating this curve at 7, we shall find, after a rather long calculation,
that it can pass through d’ only when the invariant

3b6’ ,
A =7 (2b,0' — bL)

vanishes. Hence we have the theorem:

THEOREM. The lines of the congruence (G2) can be assembled into a one-
parameter family of quartic scrolls hawing the generators of S as directrices.
The twisted cubic which s the locus of the unodes of the Cayley cubic scrolls oscu-
lating S along T will be an asymptotic curve on @ only when the invariant A
vanishes.

LINES COMMON TO THE COMPLEXES C’' (u, ), C"(u,v), C'(u, v+ dv),
C"(u + du,v)

We shall first determine the complexes C' (u, v + dv), C" (u + du, v)
which belong to the points Pyy,s and Pyi.a respectively. Let P, receive
displacements to Pyi.au and Py, and let (y,2,p,c) and (¥,%,p,7)
be the semi-covariants corresponding to these new positions. The values of
these semi-covariants in terms of those of the position P, are given by the
following equations:

y+azdu+ ---, zZ=2— (fy+2bp)du+ ---,
p+odu+ -, =0+ (Bey+Bip)du+ -,
., z=z4adv+ ---,

I

17

T QR v X
Il
(g
+
x
S
+

=p—gydo+ -, =0 — gadv + -

Br =2bg — fo, Ba=—(f+2b).
From these, by the method used in determining equations (4), we find the

where
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following equations of transformation between the coordinate systems
(:‘7’ z) b-’ &-)J (y’ 7"’ E’ ‘3;) a'nd’ (y’ z) p’ a’):

ty =%+ (— o+ Bedy)du = 71 — gas do,

x2=932+:21du ='a':2—gi4dv,
(18) _ -
x3 = T3 + (— 2b%, + 64:1':4)du = x; + xldv,
a:4=a';4+:igdu =?4+i—l?2d’0.
whence _
x1 = a1 + gxs dv, T3 = a2 + gas do,
T3 = a3 — &1 do, 2y = x4 — X2 dv,
(18"
=1+ (fro — Ba2s)du, &y = &2 — 21 du,
:133=a:3+(26x2—64x4)du, 5:4=x4—m3du,
and B B
wy = wu — (w13 + foe)du, wez = wog + (PBswse — wiz)du,
Wi = w2 + (Wi + we3) du,
(18") _

wu = wu + (+ gwxn — wiz2) dv, was = wag + (w12 — gwss ) dv,
wu = wy + (w3 — wi)dv.

From these we find that the equations of the complexes C’ (u, v + dv) and
C" (u + du, v) become

(— b,, Wz — bw14 + bw23) + dv(2bw12 - ﬁz w34) = 0,

[2b (Wi + wo3) + by waa] + du [3by (w1s + wez) — 4bwiz — (bus + a3) wi2] =0,
where

as = 2 (2bf + 2bby, — by ) .
Then clearly the lines required are those common to the four complexes

C': — by w3 — bwy + bwss = 0,
c” :2b((¢)14 + 0)23) + bu Wyg = O,

2bwiz — Brwsu =0,
3bu (wis + wo3) — 4bwiz — (buu + a3) was = 0.

(19)

W b

The lines common to these complexes must intersect d and d’. The points
p=b.y+4bz, q=—Dbyy+2bp

are on d, and the points y, r = — 2b, 2 + b, p + 4bo are on d’. Hence the
coordinates of an arbitrary point on d will be

Ty = )\bu - }.l.bv, Ty = 4:b)\,
T3 = 2b}l, Ty = 0;
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and those of an arbitrary point on d’ will be
=N, x = — 2b, p',
s = b, ', xy = 4by' .
Therefore the codrdinates of the line joining these points will be

wig = — 4NN — 2b,, by Ay’ + 202 uu’,
w1z = — 2bpN + bIAp’ — by by uu’,
wi = 4bby Nu' — by by pp’,

wez = 4bbu )‘F-/ + bu bv I-‘/J',;

wa = 8b% up,

Wy = — 16b2 )\M’.
In order that this line may belong to the second pair of complexes (19), the
equations
(20) — 27O\ — 28D, by Ny + 0 up’ =0,

abuN + 24 By’ + b, by u’ = 0.
must be satisfied. Thus we find

0/
2,2 — _ — .
Nl = 64'h’
A
N —(bubv+24h;>:2b.

Il

Clearly, when 6’ and % are both equal to zero, the four complexes have a
pencil of lines in common; this pencil is determined by d and the pinch-point
of the Cayley cubic scroll osculating S at P,. If 8’ and % are different from
zero, then the four complexes have two lines in common which intersect d in
two points which form a harmonic group with the points p and ¢; and their
intersections with d’ are harmonic conjugates with respect to H (i. e., with
respect to the pinch-point of the Cayley cubic scroll osculating S at P,, and
P,). These results may be combined in the following theorem:*

TureoreMm. Consider a scroll whose flecnode curve comsists of two distinct
branches, and a point on S for which the invariant h is different from zero. The
four complexes C'(u,v), C"(u,v), C'(u,v+ dv), C"(u+ du,v) have
two lines in common. Let there be marked or. the directriz of the first kind its
intersections p and q with the asymptotic tangents of P,. The two lines common
to the four complexes intersect the directrix of the first kind in two points which
are harmonic conjugates with respect to p and q. These two lines intersect the
directriz of the second kind in two points whick are harmonic conjugates with
respect to the pair of points tn which this directrix intersects the osculating hyper-

*Cf. M., pp. 97, 98.
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boloid. If the two branches of the fleecnode curve on S cotncide and the invariant
h 1s different from zero, the four complexes have one line in common; if, however,
the invariant h 1is equal to zero, the four complexes have a pencil of lines in com-
mon. This pencil 1s determined by the pinch-point of the Cayley cubic scroll
osculating S at the point and the directrix of the first kind.

SURFACES FOR WHICH Q' VANISHES AND 6§’ IS DIFFERENT FROM ZERO

Several of the preceding results assume a simpler form when the invariant
Q' = (3%log b)/(9udv) vanishes. Because, if @' vanishes, it is possible to
find a transformation of the form

1 _ f%/_ _ dv

==, = l)d y = 3=,

y \/du dv v v Y X174
du " dv

where U and V are functions of u alone and » alone respectively, that trans-
forms equations (1) into the following system:*

Yuu + 240 + fy =0, Yo + 9y =0,

where f is a function of u alone and g is a constant. Thus the invariant A
is a function of u alone and the invariant 6’ is a constant. The equation (8)
becomes
& — ¢ (u)du =0,
or _
U + V = const.,
where

ﬁ=f’\l<m_)du, V=

Hence the directrix curves (C;) and (C;) form a conjugate system on S.
From equations (7), (14), (21), it is easily found that the equations of d and
d’ of the point Py become
d::c4—lx2=0, x1+lgx3=0,

d':x2+‘lgx4=0, lx1—$3=0,
when referred to the coérdinate system ( P, P, P, P, ) of the point P,. These
equations show that d and d’ belong to the same regulus of a quadric surface'
(H;). The equation of (H) is

12 + grsas = 0.

Now (H) and (H,) intersect in the two generators I'" and Ty’ (T}’ being the
generator on S;, the derived ruled surface of S, which corresponds to I'”
on S*) which belong to the same regulus; they must, therefore, intersect in

* E. J. Wilezynski, Projective Differential Geometry of Curves and Ruled Surfaces, p. 124.
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two other generators which belong to the complementary regulus. It is easy
to see that these generators pass through the points y == 1/(¥— g)p on I'.
The flecnodes on I'"’ are given by the factors of the quadratic covariant*

Uiz p° — un 2 + (U — Uz ) Yo,
where
un = —4f,  uj; = —8b,  up = —4(f+2b,),

up = — 4(fo — 2bg) = 4 (b + 2bg).

Since the asymptotic curves I/ belong to linear complexes, the surface S
has two straight-line directrices.t Hence the second pair of generators of
intersection of (H) and ( H;) must coincide with these directrices (5, §’) of S.

If the invariants k, ', ¢’ all vanish, the directrix curves (C;) and (Cs)
become indeterminate. But the vanishing of these invariants is completely
characteristic of a Cayley cubic scroll.i In fact, from the second of equations

(21), we find
Yy = U1 v + Uz

where U; and U, are functions of u alone. If this value of y be substituted
in the first of equations (21) and the resulting equations

U, d* U,
o =0 g TS0

‘be integrated, we find
y = (au+b)v+<—§u3—bu"’+cu+d),
where a, b, ¢, d are constants. Hence the equation of S is

3(Y2ys — yr1ys) ys = 23.

In this case we readily find the following equations of transformation between
the coordinate systems (y, 2, p, ¢) and the fixed system of reference (yi,
Y2, Y3, Ya):

yr= (=3l +w)as+ (— v +0)2 + uas + 2,
(22) yo = (— u? + v) a1 — 2uxy + x5,

Y3 = wry + o, Ya = 1,

whence

*M;, p. 313.

t See a paper by the author, these Transactions, vol. 15 (1914), p. 171. Since,
apart from I and I, H and H, intersect along two generators for which (z:/2)? = — 1/g,

end (4, &) are the only generators on H for which this is true, H and H, have (3, ¢') in
common.
i M,, p. 307.
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1 = Y4, T2 = Y3z — UY4,
x3 = Y2 + 2uys — (v +0)ys,

3
Xy =y —uys — (W +0v)ys + <%+ uv)y4.

The complexes €’ and C”’ now become (when referred to the fixed system of
coordinates)
wy — w3 — 2vwy =0,
wi + woz — 2u (uwy — wyz) = 0.

The equations of the directrices are
3
d:ya=0, yl—uyz—(u2+v)ya+(u§+uv)y4=0,
d:ys —uys =0, y2 + 2uy; — (ur +0v)ys = 0.

All of the directrices d are situated in the singular tangent plane y, = 0;
and all of the directrices d’ pass through the unode (1,0,0,0). These
results may be stated in the form of the theorem:

THEOREM. If a scroll S have distinct straight line directrices, the rays of the
directriz congruences of both kinds which correspond to the points of a generator
T of S belong to the same regulus of a quadric (Hy); and this quadric contains
the directrices (8, 08’) of the surface S itself. The directriz curves (C1) and
(C3) become indeterminate when, and only when, the surface S is a Cayley cubic
scroll. In this case the directrixz congruences of both kinds degenerate; that of
the first kind consists of the net of lines in the singular tangent plane, while that
of the second kind consists of the sheaf of lines through the unode.
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